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Ch ' Abstract 
3 , 

This paper studies the relationship between vector-valued BMO functions and the Carleson 
measures defined by their gradients. Let dA and dm denote Lebesgue measures on the unit 
disc D and the unit circle T, respectively. For f < q < oo and a Banach space B we prove 
that there exists a positive constant c such that 

Hi sup f (l-\z\y- 1 \\Vf(z)\\'>P Z0 (z)dA(z)<c< 1 sup f\\f(z) -f (:,,)!"./->„ i:.ul,nl: ) 

^3 , holds for all trigonometric polynomials / with coefficients in B iff B admits an equivalent 

norm which is q-uniformly convex, where 



in 



(N 

^ ■ The validity of the converse inequality is equivalent to the existence of an equivalent q- 

OO ' uniformly smooth norm. 

Introduction 

in 

Let T be the unit circle of the complex plane equipped with normalized Haar measure dm. Recall 
that an integrablc function / on T is of bounded mean oscillation (BMO) if 

|* = sup-- / |/ - fi\dm < oo, 

where the supremum runs over all arcs of T and // = fj fdm is the mean of / over /. Let 
BM 0(T) denote the space of BMO functions on T. The means over arcs in this definition can be 
replaced by the averages of / against the Poisson kernel P Zo for the unit disc D: 

P ^ z ) = m ~ l-°ji2 » z <E D, z ET. 



\1 - z z 

Then 
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sup / \f(z)-f(z )\ P ZQ (z)dm(z) 

z £D JT 
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with universal equivalence constants. Here as well as in the sequel, we denote also by / its Poisson 
integral in D: 



f(zo)= / f(z)Pz (z)dm{z), z ED. 

On the other hand, it is classical that BMO functions can be characterized by Carleson measures. 
A positive measure \x on D is called a Carleson measure if 



i-kol 2 

z eD Jd I 1 - z z\ 



\Im\\c = sup / - 2 dfx(z) < oo. 



Let / G L X (T). Then / G MBO(T) iff |V/(z)| 2 (1 - \z\ 2 ) dA{z) is a Carleson measure, where dA(z) 
denotes Lebesgue measure on D. In this case, we have 

(0.1) II/H2 « sup / |V/(z)| 2 {1 -W 2){ ]- M 2) dA{z). 

We refer to [6] for all these results. 

This paper concerns the vector- valued version of (jO.ljl . More precisely, we are interested in 
characterizing Banach spaces B for which one of the two inequalities in (jO.ip holds for B-valued 
functions /. Given a Banach space B let L P (T; B) denote the usual L p -space of Bochner p-integrable 
functions on T with values in B. The space BMO(T; B) of £?-valued functions on T is defined in 
the same way as in the scalar case just by replacing the absolute value of C by the norm of B. 
Then the vector-valued analogue of (jO.ip is the following: 



(0.2) cr 1 < sup / || V/(z)f (1 'f J Z ° |2) dA(z) < c 2 II/H2 



zoeDJD \l-Zoz\ 
for all / G BMO(T; B), where ci, C2 are two positive constants (depending on B), and where 

l|V/(*)|| = \\^(z)\\ + ||^)||, z = x + iy. 

It is part of the folklore that (|0.2p holds iff B is isomorphic to a Hilbert space (see 2 ). We include 
a proof of this result at the end of the paper for the convenience of the reader. 

However, if one considers the validity of only one of the two inequalities in (|0.2p . the matter 
becomes much subtler and the corresponding class of Banach spaces is much larger. The following 
theorem solves this problem. 

Theorem 0.1 Let B be a Banach space. 

(i) There exists a positive constant c such that 

sup / ||V/(,)f (1 -\f ){ '-^ 2) dA {z )<c\\ft 
z eD Jd I 1 — z oz\ 

holds for all trigonometric polynomials f with coefficients in B iff B admits an equivalent 
norm which is 2 -uniformly convex. 

(ii) There exists a positive constant c such that 

sup / ||V/(z)|| 2 (1 " |f X* ~ |Zo|2) dA(z) > c- 1 II/H2 
zoEDJd \1-z z\ z 

for all trigonometric polynomials f with coefficients in B iff B admits an equivalent norm 
which is 2-uniformly smooth. 
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We refer to the next section for the definition of uniform convexity (smoothness). This theorem 
is intimately related to the main result of [15] , where the vector- valued Littlewood-Paley theory is 
studied. Given / G L 1 (T;i?) define the Littlewood-Paley g- function 

(G(/)(z)) 2 = f\l-r)\\Vf(rz)\\ 2 dr, z G T. 
Jo 

The following fact is again well-known: the equivalence 

ll G (/)|L 2 (T) ~ 11/ _ /(0)IU 2 (T;B) 

holds uniformly for all _B-valued trigonometric polynomials / iff B is isomorphic to a Hilbert 
space. However, the two one-sided inequalities are related to uniform convexity (smoothness). 
More precisely, we have the following result from [T5] . 

Theorem 0.2 Let B be a Banach space. 

(i) B has an equivalent 2-uniformly convex norm iff for some p G (l,oo) (or equivalently, for 
every p G (1, oo)) there exists a positive constant c such that 

(0-3) \\G(f)\\ Lm <c\\f\\ LmB ) 
holds for all B -valued trigonometric polynomials f . 

(ii) B has an equivalent 2-uniformly smooth norm iff for some p G (l,oo) (or equivalently, for 
every p G (1, oo)) there exists a positive constant c such that 

(0.4) ||/-/(0)|U p( t;B) <c||G(/)|| LP(T) 

holds for all B-valued trigonometric polynomials f . 

According to [15], the spaces satisfying (|0.3|) (resp. (|0.4p ) are said to be of Lusin cotype 2 
(resp. Lusin type 2). The name Lusin refers to the fact that the Littlewood-Paley ^-function can 
be replaced by the Lusin area function. At this stage, let us also recall that by Pisier's renorming 
theorem [10], B has an equivalent 2-uniformly convex (resp. smooth) norm iff B is of martingale 
cotype (resp. type) 2 

The value p = oo is, of course, not allowed in Theorem 10.21 At the time of the writing of [T5] . 
the second named author guessed that a right substitute of Theorem 10.21 for p = oo should be 
Theorem 10. II but could not confirm this. Our proof of Theorem 10.11 heavily relies on Theorem 10.21 
and Calderon-Zygmund singular integral theory. In fact, we will work in the more general setting 
of an Euclidean space R" instead of T. On the other hand, the power 2 in || V/|| 2 plays no longer 
any special role in the vector- valued setting. We will consider the analogue of Theorem 10.11 for 
1 1 V/ 1 1 q with 1 < q < oo. The corresponding result is stated separately in Theorems 13.11 and 14.11 
below, which correspond to the end point p = oo of the results of [9] and [15j . 

1 Preliminaries 

Our references for harmonic analysis are [5], [6] and [14]. All results quoted in the sequel without 
explicit reference can be found there. However, one needs sometimes to adapt arguments in the 
scalar case to the vector- valued setting. 

Let (r2, /x) be a measure space and B a Banach space. For 1 < p < oo we denote by L P (Q, [i; B) 
the usual L p -space of Bochner (or strongly) measurable functions on Q, with values in B. The 
norm of L p (Q,n;B) is denoted by || The n-dimensional Euclidean space R n is equipped with 
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Lebesgue measure. L 1 1 oc (R"; B) denotes the space of locally integrable functions on R™ with values 
in B. Recall the Poisson kernel on R n : 

^^(^jRp. *eR",t>0. 
Let / g Ll oc (R n ;B) such that 

The Poison integral of / is then defined by 

Pt*f(x)= f P t (x-y)f{y)dy. 

JR™ 

The function P t * f(x) is harmonic in the upper half space R™ +1 . Let us make a convention used 
throughout this paper: For a function / G L 1 1 oc (M 11 ; B) we also denote by / its Poisson integral 
(whenever the latter exists); thus f(x,t) = P t * f(x). 

The space BMO(R n ;B) is defined as the space of all functions / g Ll oc (R n ;B) such that 

ll/H* = sup / — das < 00, 

Q \Q\ JQ 

where the supremum runs over all cubes Q C R™ (with sides parallel to the axes), and where 
/q denotes the mean of / over Q. Equipped with || |», BMO(R n ; B) is a Banach space modulo 
constants. BMO(R n ;C) is simply denoted by BMO(R n ). 

We will also need the Hardy space H 1 . There exist several different (equivalent) ways to define 
this. It is more convenient for us to use atomic decomposition. A S-valued atom is a function 
a g L°°(R n ;B) such that 

supp(a) C Q, [ adx = 7 ||o||oo < ]4| 

JR™ M 

for some cube QcM". We then define H\(R n ; B) to be the space of all functions / which can be 
written as 

/ = ^ Afc a k 

k>l 

with at atoms and Afc scalars such that < 00. The norm of H^(R n ; B) is defined by 

k>l k>l 

This is a Banach space. It is well-known that Hl(R n ;B) coincides with the space of all / £ 
L 1 (R n ; B) such that 

sup||/(.,t)|| eL\R n ). 
t>o 

Fefferman's duality theorem between H 1 and BMO remains valid in this setting (with a slight 
condition on B). More precisely, BMO(l"; B*) is isomorphically identified as a subspace of the 
dual iJ^(R"; B)*; moreover, it is norming in the following sense: for any / g H^(R n ; B) 

||/Li (R n ;B) «sup{|</, 5)1 :j£MO(i";n Nl* < l} 

with universal equivalence constants. Note that this duality result follows immediately from the 
atomic definition of if*. If B* has the Radon-Nikodym property (in particular, if B is reflexive), 
then 

H*(R n ; B)* = BMO(R n ; B*). 
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We refer to [T] and [3] for more details. 

BMO functions can be characterized by Carleson measures. Let 

r = {(M)eK+ +1 : l*l<*}, 

the standard cone ofR™ +1 . T(x) denotes the translation of T by (x, 0) for x e R": T(x) = T+(x,0). 
Let Q be a cube. The tent over Q is defined by 

q = k'; +1 \ |J r(x) . 

xeQ c 

A positive measure /i on R™ +1 is called a Carleson measure if 

I, n KQ) 

\W\c = sup —— < 00. 
Q cube |V| 

Then / g BMO(R") iff /<«(/) = (t\Vf{x,t)\) 2 dxdt/t is a Carleson measure. Moreover, 

11/112 « IK/)l|c. 

This is the analogue of (jO.ip for R™. Our main concern is the validity of each of the two one-sided 
inequalities of the equivalence above in the vector-valued setting. The previous result is, of course, 
part of the Littlewood-Paley theory. In this regard let us recall its L p -analogue. Let / 6 L p (R n ). 
Define the Lusin integral function of /: 

(S(f)(x)) 2 = y r (i|v/(x + z,t)|) 2 ^, xel». 

Then 

ll/ll P ~ W)|| P , V/€L p (R n ), Kp< oo. 

The vector- valued Littlewood-Paley theory is studied in [9] and [15]. Let 1 < q < oo and / 6 
I/ P (R"; B). Define 

(5,(/)(x)) 9 = jf (t||V/Or + z,t)\\) 9 x eK n , 

where 

i— 1 

According to [TH] and [S], B is said to be of Lusin cotype q if for some p G (1, oo) (or equivalently, 
for every p £ (1, oo)) there exists a positive constant c such that 

||^(/)|| p <c||/|| p 

for all compactly supported B-valued continuous functions / on R™. Similarly, we define Lusin 
type q by reversing the inequality above. Note that if B is of Lusin cotype (resp. type) q, then 
necessarily q > 2 (resp. q < 2). By [15] and [9], Lusin cotype (resp. type) q is equivalent to 
martingale cotype (resp. type) q. We will not need the latter notion and refer the interested reader 
to [TT] and [TU]. By Pisier's renorming theorem [TU], B is of martingale cotype (resp. type) q iff B 
has an equivalent norm which is (/-uniformly convex (resp. smooth). Let us recall this last notion 
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for which we refer to [5] for more information. First define the modulus of convexity and modulus 
of smoothness of B by 

5 B {e) = inf{l-||^— 1| : a, beB, || || = ||6|| = 1, ||o-6||=e}, < e < 2, 

r lid + tb\\ + \\a — tb\\ , „ , ,,,,, -, 

PB (t) = su P {^ L_J! !L -1 : a, ftefl, ||a|| = ||6|| = l}, t>0. 

B is called uniformly convex if 8b (e) > for every e > 0, and uniformly smooth if lim t ^o Pb (t) /t = 
0. On the other hand, if 5b (e) > ce q for some positive constants c and q, B is called g-uniformly 
convex. Similarly, we define q- uniformly smoothness by demanding pB{t) < ct q for some c > 
and g > 1. It is well-known that for 1 < p < oo any (commutative or noncommutative) L p -space 
is max(2,p)-uniformly convex and min(2,p)-uniformly smooth. 

2 A singular integral operator 

Let the cone F = {(z,t) G R™ : |z| < t} be equipped with the measure dzdt/t n+1 . Let 1 < q < oo 
and B be a Banach space. Set A — L q (T; B). For h G L P (R"; A) we will consider ft as a function 
of either a sole variable x £ R™ or three variables (x,z,t) € R" x T. In the first case h(x) is a 
function of two variables (z, £) for every x £ R n . Thus h(x)(z, t) — h(x, z, t). 

We will consider singular integral operators with kernels taking values in C(A), the space of 
bounded linear operators on A. Recall that Pt denotes the Poisson kernel on R™. Let 

(2-1) <p t (x)=t^P t (x). 
For h G L p (W l ;A) define 

(2.2) $(h)(x,u,s) = [ [ ip s *tp t {x + u + z~y)h{y,z,t)dy'^r. 

Jr JR" 1 

$(/i) is well defined for ft in a dense vector subspace of L p (W l ; A). Indeed, let h : R™ — > A be a 
compactly supported continuous function such that for each x G supp(/i) the function h(x) : T — > _B 
is continuous and supported by a compact of T independent of x. Then it is easy to check that 
$(/i) is well defined and belongs to L p (R ra ; A) for all p. On the other hand, it is clear that the 
family of all such functions h is dense in L P (M.; A) for every p < oo. In the sequel, h will be assumed 
to belong to this family whenever we consider $(/V). 

The following will be crucial later on. We refer to [T5] for a similar lemma on the circle T. 

Lemma 2.1 The map $ extends to a bounded map on L p (J&. n ; A) for every 1 < p < oo, and also 
a bounded map from Hl(R n ;A) foL 1 (R";A). Moreover, denoting again by $ the extended maps, 
we have 

||$ : L p (W l ;A) L p (R n ; A)\\ <c, ||<& : if*(R n ; A) — ► £ x (R n ; < c, 

where the constant c depends only on p, q and n. 

A similar statement holds for each of the n partial derivatives in Xi instead of d/dt in the 
definition of tp in (|2.ip . 

Proof. The proof is based on Calderon-Zygmund singular integral theory for vector- valued kernels 
for which we refer to [5], We will represent $ as a singular integral operator. Let 

k s ,t( x ) = Vs * <Pt(x) = / tp s (x - y)ip t (y)dy. 

JR" 

Then 

(2.3) ®(h)(x,u,s) = f I k s ,t(x + u + z-y)h(y,z,t)dy^^. 
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On the other hand, using the definition of ip t and the semigroup property of Pt , we find 
(2.4) ksAx)=st JLp r{x) \ r=s+t , 
Now consider the operator-valued kernel K(x) : A — > A defined by 

K(x)(a)(u, s) — J k St t(x + u + z)a(z,t)^0^ , a e A. 
Then can be rewritten as 

${h)(x) =K *h{x) = / K(x -y)(h(y))dy. 



Thus $ is a convolution operator with kernel K. We will show that if is a regular Calderon- 
Zygmund kernel with values in C(A). Namely, K satisfies the following norm estimates 

\\K{x)\\ <-5- and \\VK{x)\\< ' 



\x\" ' ' " \x\ n+1 

for some positive constant c depending only n. To this end first observe that by 

est 



(2.5) IMaO| < 



(s + t+ \x\ 



\n+2 



Here as well as in the rest of the paper, letters c,d ,c\... denote positive constants which may 
depend on n, q, p or B but never on particular functions in consideration. They may also vary 
from line to line. Let a 6 A with ||a|| < 1. Let q' denote the conjugate index of q. Then by the 
Holder inequality and (|2.5p . we deduce 



||A-(a:)(a)(«, fl )||9 < c" 



s q t q dzdt 



(S + t + \X + U + z|)(™+ 2 )9' t n+1 



Since \z\ < t, we have 
1 



(s + t + \x + u\) < s + t + \x + u + z\ < 2(s + 1 + \x + u\ 



It then follows that 

\\K(x)(a)(u, S W' < 4 



s 9 t q dzdt 



(s + t+ \x + u\Y n+2 ) q ' t n+1 



Therefore, 



< c 9 t 

~ 2 (s + \x + 



\Kir)ia)\'\ j \\K(x)(a)^s)\\ q ^. 



r (s+ |.t + w|)(" +1 )« s" +1 ~ \x\ nq ' 



Taking the supremum over all a in the unit ball of A, we deduce that K(x) is a bounded operator 
on A and 
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Similarly, we show 

l|Vi^)ll<^pr. 

Therefore, if is a regular vector-valued kernel. 

Since <& is the singular integral operator with kernel K, by [FJ Theorem V.3.4] (see also [91 
Theorem 4.1]), the lemma is reduced to the boundedness of $ on L p (M. n ;A) for some p £ (1, oo). 
Clearly, the most convenient choice of p is p — q. By (|2 .3[) and the Holder inequality 



where 



\\$(h)(x,u,s)\\ <a ■ 0, 



dzdt 

\k a ,t[x + u + z-y)\dy , 
>"' = / / \k 3 , t (x + u + z-y)\\\h(y,z,t)\\ 9 dy^ 



Using (H3J), we find 



q i f f st dzdt 

~ ° JrJw {s + t + \x + u + z-y\) n + 2 V 
f st dzdt 



Hence, 



f f f f s t duds .. . ... dzdt 

Thus $ extends to a bounded map on L q (M. n ; A), so the lemma is proved. □ 

3 Carleson measures and uniform convexity 

The following theorem is the main result of this section. Recall that Q denotes the tent over Q for 
a cube Q cl™. 

Theorem 3.1 Let B be a Banach space and 2 < q < oo. Then the following statements are 
equivalent: 

(i) There exists a positive constant c such that 

(3.1) sup J- / ( t \\Vf(x,t)\\) q ^) <c 11/11., V/£MO(i»;B). 

yQ cube M Jq t j 

(ii) B has an equivalent norm which is q-uniformly convex. 

Inequality (|3.ip means that (t ||V/(x, t)\\) q dxdt/t is a Carleson measure on R" +1 for every 
/ 6 BMOiW 1 ; B). In this regard, let us introduce a more function C q , besides the Lusin function 
S q . Given / :R n ^ B define 

(3.2) C q (f)(x) = (supj±- [ (<||V/(y,i) llV, ' ///,//N ' 



Q \Q\ Jq" " t 
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where the supremum runs over all cubes Q containing x. Then (|3.ip can be rephrased as 

||C„(/)||oo<e||/||„. 



The proof of Theorem 13.11 and that of Theorem [4J] below heavily rely on the results on Lusin 
type and cotype in [9] . We collect them in the following lemma for the convenience of the reader 
and also for later reference. 

Lemma 3.2 Let B be a Banach space and 2 < q < oo. Then the following statements are equiva- 
lent: 

(i) B is of Lusin cotype q. Namely, for some p £ (1, oo) (or equivalently, for every p G (1, oo)) 
there exists a positive constant c such that 

\\S q (f)\\ p <c\\f\\ p , V / G L p (R n ;B). 

(ii) There exists a constant c such that 

\\3 9 (f)\\i <e||/||jri(R»;B), V f eHl(R n ;B). 

(hi) B has an equivalent q-uniformly convex norm. 

(iv) B* is of Lusin type q' , where q' is the conjugate index of q. 

(v) B* has an equivalent q' -uniformly smooth norm. 

Prool of Theorem^ (ii) =>■ (i). Let / G BMO(R n ;B) with < 1. Let Q C R n be a cube. 
Set Q — 2Q, the cube of the same center as Q and of double side length. Write 



/=(/-/q)1q + (/-/q)1qc+/q = /i + /2+/q. 



Then 



so 



where 



Vf(x,t) = Vh(x,t) + Vf 2 (x,t), 

r drrlt\ Y l q 

l y ( 4 ||v/(x,t)ii)'^j <o 1+Q2 , 

For a.\ by the Fubini theorem we have 

\Q\a\ < t^J J r (t\\^Mx + z,t)\\) q ^dx 
= elf (S q {h)(x)) q dx<cl\\S q {hW q , 

Jq 

where c„ is a constant depending only on n. By (ii) and Lemma |3.2[ B is of Lusin cotype q. Thus 

||S,(/i)||,<c||/i|| fl . 
However, by the John-Nirenberg theorem 

ll/ill g < c 'igr /9 ll/iu< c 'igr /9 . 
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It then follows that 

oil < c n cc . 

To deal with a 2 we write 



Vh(x,t)= [ VPt(x-y)f 2 (y)dy= f VP t (x - y)f 2 (y)dy. 

JR™ JQ" 



Note that 

\yPt(x-y)\ < 



(t + \x - 2/1)"+! ' 
On the other hand, for (a;, t) E Q and y £ Q c 

1 1 



where I = £(Q) is the side length of Q. Thus 

l|V/ 2 (M)|| < 11/^)11 (^1^^^ 

We now use a well-known characterization of BMO functions, in which averages over cubes are 
replaced by averages against the Poisson kernel. Namely, a function g : M™ — ► B belongs to 
BMO(« n ;B) iff 



sup / \\g(y)-g(x,t)\\P t (x-y)dy<oo. 

ctleK" JR" 



If this is the case, the supremum above is equivalent to \\g\\* with relevant constants depending 
only on n. Then we deduce 

\\Vf2(x,t)\\<- f 

Therefore, 

c q f „ dxdt 



a% < —— / t q < c' . 

2 " t q \Q\ Jq t ~ 

Combining the preceding inequalities, we find that (t \\ V/(x, t)\\) q dxdt/t is a Carleson measure on 
M™ +1 with constant depending only on n, q and B for every / G BMO(« n ; B) with ||/||» < 1. This 
concludes the proof of (ii) => (i). 

(i) => (ii). This proof is harder. Let A = L q (T: B) (recall that the cone V is equipped with the 
measure dzdt/t n+1 ). Given a function / G LP(R n ;B) define 



S q (f)(x,z,t)=t^- t f(x + z,t), xeR", (z,t)GT. 



We regard 5 g (/) as a function on K™ with values in A. Then 

\\S q (f)(x)\\ A = S t q (f)(x), 

where S q (f) is the Lusin integral function of / but using only the partial derivative in t. Also note 
that 

S q {f){x,z,t) = ip t *f(x + z), 
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where <p is defined by (|2.1|) . As in section^ S q can be represented as a singular integral operator 
with a regular kernel taking values in the space of bounded linear maps from B into A (see [13] 
for the scalar case and p~5] for T). By [9] and[15], (ii) is equivalent to the following inequality 

(3.3) WS^W^cWfU, V/eL°°(R" ;J B). 

Note that this inequality is a finite dimensional property. Namely, if (13. 3p holds for every finite 
dimensional subspace E of B in place of B with constant independent of E, then (|3.3p holds for 
the whole B too. Thus we can assume dim B < oo in the rest of the proof. To prove (|3 ,3|) we will 
use duality. We first show that (i) implies 



(3.4) y|flJ(R-iB.)<c||^G7)|| 



for all compactly supported continuous functions g : M" — » B* . To this end let / 6 BMO(W n ; B) 
with < 1. Then by Plancherel's theorem 



(3.5) / (f(x), g(-x))dx = A 



dxdt 



t 



and immediately follows from Plancherel's theorem. Let C*(/) denote the function defined by 



Note that since dim_B < oo, this equality is reduced to the scalar case, in which it is well-known 
using only the partial derivative in t . Then by (|3.ip we find 

(f(x), g{-x))dx 



< d J yl(f){x)Sl,(g){-x)dx 

< cd H/ll* 11^,(5)111, 

where we have used Theorem 1 (a) of [4] for the next to the last inequality. Note that the inequality 
there is proved only for q = 2; but the arguments can be easily modified to our situation. Taking 
the supremum over all / in the unit ball of BMO(M. n ; B), we obtain (|3.4p . 

Return back to We use again duality, this time that between BMO(W l ; A) and Hl(W l ; A*). 

Fix a function / G L°°(R; B). Recall that S q {f) is a function from W 1 to A and the left hand side 
of (|3.3p is ||<S 9 (/)||bmo(R";-A)- Tnus it suffices to prove 

(3.6) \(S q (f), h)\<c\\f\\ 00 \\h\\ Hi{R n. A . ) , yh€Hl(R n ;A*). 

Again by approximation, we need only to consider a nice h. We have 

(«$?(/)> h ) = J J {Vt* f{x + z), h(-x,z,t))'?0^dx 

(f(y), <Pt(- + z)*h(;z,t){-y)) ( ?0tdy 

(f(y), *(h)(-y))dy, 

JR™ 

where 



(3.7) 



*(/,)(.,) = / r! (.+z)*h(-,Z,t){x)^ 

<^ t (x + z - j/)/i(y, z, i) dy . 
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*&(h) is a function on R n with values in B*. Therefore, by (|3.4p 

\(S q (f), h)\ < H/IU < ll/IU Mh)\\HXR«;B.) 

< c ll/iu = cii/Hoo IIM*™^-*.) . 

Here we use the same notation S in the dual setting, which is consistent with the preceding meaning 
for A* is the space associated to B* in the same way as A associated to B: 

A* = L q '{T-B*). 

Now it is easy to see that 

S q ,(V(h)) = $(h), 

where $ is the map defined by (|2.ip with (B* , q') instead of (B, q). Thus by Lemma T2.ll 

\\S q '(^(h))\\ L i^. A ,) < c\\h\\ H i(^;A*) ■ 

Combining the preceding inequalities, we obtain (|3.6p . and consequently, (|3.3p too. This shows the 
implication (i) (ii). Thus the proof of the theorem is complete. □ 

The previous proof of (i) => (ii) shows the following result, which extends [S] Theorem 5.3] (and 
[TBI Theorem 2.5]) to the case p = 1. 

Corollary 3.3 Let B be a Banach space and 1 < q < 2. Then the following statements are 
equivalent: 

(i) B is of Lusin type q. 

(ii) There exists a constant c such that 

holds for all compactly supported continuous functions f from M" to B. 

(iii) There exists a constant c such that 

||/||i<c||,S g (/)||i 

holds for all compactly supported continuous functions f from R n to B. 

4 Carleson measures and uniform smoothness 

This section deals with the properties dual to those in Theorem 13. II The following theorem gives 
the characterization of Lusin type in terms of Calrseon measures. 

Theorem 4.1 Let B be a Banach space and 1 < q < 2. Then the following statements are 
equivalent: 

(i) There exists a positive constant c such that 

(4-1) ll/IU <c sup J- j (tUV/M)!!) 9 ^ 

\Q cube M JQ t J 

holds for all compactly supported continuous functions f from K" to B. 

(ii) B has an equivalent q-uniformly smooth norm. 
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Proof, (ii) =>■ (i) First note that by Lemma I3T21 (ii) is equivalent to 
(4.2) ||fy(ff)[|i<c||s|| HiCR ». B . ) , VgeHt(R*;B*). 

Let / : M™ — > i? be a compactly supported continuous function. We are going to prove (|4.1|) . This 
proof is similar to that of (|3.4|) but in a converse direction. By approximation, we can assume that 
/ takes values in a finite dimensional subspace of B\ then replacing B by this subspace, we can 
simply assume dim£? < oo. Using the duality between BMO(W l ; B) and H^(W l ; B*), we find a 
function g G H^(M. n ; B*) of unit norm such that 

(f( x ), g{-x))dx, 

where the equivalence constants depend only on n. By approximation, we can further assume that 
g is sufficiently nice so that all calculations below are legitimate. By PlanchcrcPs theorem 

{f{x), g{-x)) dx = / (tVf{x, t), tVg(-x, t)) —— . 
By [H and (JOJ), we find 

f drdt 
(f(x), g{-x))dx < j^ +i t\\Vf(x,t)\\t\\\7g(- x ,t)\\ — 



< c' / C q (f)(x)S q ,(g)(-x)dx 



< c'||c g (/)|U|^ 

< C'll^C/JHoo ||fl|| ffi( R». B .) < c"||C,(/)||oo . 

Combining the preceding inequalities, we deduce (|4.1[) . 

(i) (ii). Assume (i). It suffices to prove (|4.2[) . We will do this only for the Lusin function 
involving the partial derivative d/dt, the others being treated similarly. Thus let S ql denote this 
Lusin function. Our task is to show 

(4.3) ||^a7)l|i<c||fl||H i(R -.B.), VgeH^B*). 

We can clearly assume dimi? < oo. Let A — L q (T;B) be as in section [2] and keep the notations 
introduced there. Note that 

A* = L q '(T;B*). 
Now fix a nice function g G ff^R"; B*). Recall that 

ll^(s)lll = £ (J (*H^ff(* + z > ^Wb*) 9 ' ^f) ^ dx = \\g\\L^;A>) , 

where 

g(x,z,t) = t—g(x + z,t). 
Thus there exists a function ft, G L°°(R"; A) of norm 1 such that 

H4G?)l|i = ^J{t^g(x + z,t),h(-x,z,t))^dx 
(g(x), 9(h)(-x))dx, 
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where is defined by Q3.7p . Therefore, by (|4.ip , we deduce 

ll^(5)||i < c n \\g\\ HUKn .,B*) < c n c \\9\\ Hi (,m;B*) ||C,(*(/0)lloo . 

Thus we are reduced to proving 

||C g 0&(/0)IU <c\\h\\ L ~ (Rn . A) , VheL°°(R n ;A). 

We will do this only for the partial derivative in the time variable in the gradient. Namely, we 
have to show 

1 f , „ d w \w\q dxds 



(4-4) JAs\\-nh){^ S )\\Y^<^h\\l^^ 

for any cube Q C R ra . The argument below is similar to the proof of (ii) => (i) in Theorem 13.1 
Using ip and k Syt in section^ we have 

s — *(/i)(x,s) = / / k Stt (x + z-y)h(y,z,t) — — dy = <f>(h)(x,s). 

OS J M „ J r t 

Now fix a cube Q and a nice h £ L°°(R' i ;yl) with ||/i||l°°(r™;v1) < 1- Let Q = 2Q. Decompose h: 



dcf 



h = hlg + hlq c = hi + h 



2- 



Then (|4.4|) is reduced to 

0u = (y^| jT S )nr ^) 1/9 < c, k = i, 2. 

/3i is easy to estimate. Indeed, using the map $ in (|2.2[) and Lemma we find 

< <fi»||ft 1 ||«, (RB . A) <c««J«|g|; 
whence the desired result for (3\. For /3 2 a little more effort is needed. By (|2.5p . we have 

ll*(k>)(*> ^ ^ c /- / + + Z ' *)" ^ ^ 

By the Holder inequality and the assumption that |ft||L°°(r :J 4) < 1, the internal integral is estimated 
as follows: 

st .. , . ... dzdt 



/ /" {^Y dzdt \ II, / Ml 

" U (.s + t+l. + z-,!)^' F+i ) ll%)IU 



< 



s q t q dzdt \ 



(s + t + \x + Z - J/|)(™+2)9' t n+1 



r 

s 



On the other hand, for (a;, s) £ Q and y £ Q c , we have 



{s+\x-y\) n+1 \x~y\ n+1 
14 



Therefore, 



\ x - y\ 



where £ is the side length of Q. It then follows that /?2 < c. Thus (|4.4| is proved. This finishes the 
proof of (|4.3p . so the implication (i) =>• (ii) too. □ 



Proof of Theorem \0.1\ Except the difference between T and R, Theorem 10. II is a particular case of 
Theorems 13.11 and 14.11 The proofs of these two latter theorems can be easily adapted to the case 
of the circle. □ 



Remark 4.2 The two "if" parts in Theorem 10.11 can be also proved by using the invariance of 
the expression || V/(z)|| 2 dA(z) under Mobius transformations of D. This invariance means that if 
w = <p(z) is a Mobius transformation of D, then 

\\Vf(<p(z))\\ 2 dA(z) = \\Vf(w)\\ 2 dA(w). 

Now assume that B is 2-uniformly convex. Then B is of Lusin cotype 2. Therefore there exists a 
constant c such that 

"(1 - r)\\Wf(rz)fdrdm(z) <c\\f- /(0)||| , V / e L 2 (T;B). 

it Jo 

Then one easily deduces that (with a different c) 

(l-\z\ 2 )\\Vf(z)rdA(z) <c\\f - f(0)\\l 

D 

Now let zo 6 D and let 

, , z + z 
1 + z z 

Applying the preceding inequality to / o tp, we get 



||V/ o <p(z)\\ 2 (l - \z\ 2 ) dA(z) <c\\fo<p-fo <p{0)\\l . 

Then a change of variables and the previous Mobius invariance yield 

\\Vf{zW {l ~\f ){ l~J Z ° ?) dA{z)<c j \\f(z)-f(zo)\\ 2 P ZB (z)d m (z). 
I 1 ~ z o z \ Jt 



Taking the supremum over all z$ S D gives the first inequality in Theorem lO.il The same argument 
applies to the "if" part in (ii) there. Unfortunately, this simple proof works neither for the case of 
q ^ 2 nor for that of R n . 



We end the paper with some comments on ()0.2|) . If (|0.2|) holds, then B has an equivalent 
2-uniformly convex norm as well as an equivalent 2-uniformly smooth norm. In particular, it is 
of both cotype 2 and type 2, so isomorphic to a Hilbert space by Kwapieh's theorem [7] (see also 
[T2"] to which we refer for the notion of type and cotype too). Conversely, if B is isomorphic to a 
Hilbert space, we get (10.2[) as in the scalar case. Let us give a much more elementary argument 
showing that the validity of (|0.2p implies the isomorphism of B to a Hilbert space. The main point 
is the following remark. 
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Remark 4.3 Let 1 < q < oo and B be a Banach space. Given a finite sequence (a^) C B consider 
the function 

f(z) = ^a fe z 2 . 
fe>i 

Then 

(4.5) sup / (l-\z\r- 1 \\f(z)\\ip ZB (z)dA(z)^Y,M' ! 

zoeD Jd ^ 

with universal equivalence constants. 

Recall the following well-known (and easily checked) fact 

ii/ii* « || 5>** 2 1i- 
/t>i 

Combining this with (|4.5|) we deduce the following result from [2]: If 

sup / (l-M)«- 1 ||/»||«P^( 2 r)dA(«)<c«||/||2 

holds for any lacunary polynomial / with coefficients in B with some positive constant c, then B 
is of cotype q; the converse inequality implies that B is of type q. 



Let us show (|4.5|) . Since 



2-1 



fc>l 



replacing by 2 fc afc, we see that (|4.5j) is reduced to 

sup / (l-|z|)"- 1 ||/(z)|rF Z0 (z)dA(z)^E2 
z eD Jd fc > x 

The lower estimate is very easy. Indeed, we have (with zo = 0) 

(l-\z\) q - 1 \\f(z)\\ q dA(z) = f (l-r) q - 1 I ' \\f{rz)\\ q dm{z)rdr 

L> JO JT 



= V / (l-r)"- 1 f \\f(rz)\\ q dm(z)rdr 

n>l Jl - 2 - n+1 
r l-2~ n 

> Y] / (1 -rf- 1 \\a n \\ q r q2 rdr 



n>l 



For the upper estimate, we first majorize / pointwise. For n > 1 and 1 — 2 n+1 < \z\ < 1 — 2 ™ 
we find 



||/(*)ll <X> fc ||+X> fc ||exp(-2*-''' 
Let < a < 1. Then _ 



1/8 

'll«fc|iv 

k<n fc<n 
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Similarly, for f3 > 1 

5> fc ||exp(-2 & -«) < (^2-^||a fe r) 1/9 (^2^'exp(-g'2 fe -")) 1/9 ' 

< C 2^(^2-^||a,||«) 1/9 . 

It follows that for any zq ^ D 

f (l-iziy^wfizWP^zjdAiz) < cY / 2- nq [2 nqa Y / 2 ' kaq \\ a k\\ q + 2 nqf3 Y, T 

■ Jd n>\ ' k<n k>n 

< cY,2- qk \\a k \\ q . 

k>l 



^ q \\ak\\ q 



Therefore, (J475J) is proved. 
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